We find two combinatorial identities on the theta series of the root lattices of the finitedimensional simple Lie algebras of type D 4n and the cosets in their integral duals, in terms of the well-known Essenstein series E 4 (z) and Ramanujan series ∆ 24 (z). Using these two identities, we determine the theta series of certain infinite families of postive definite even unimodular lattices obtained by gluing finite copies of the root lattices of the finite-dimensional simple Lie algebras of type D 2n . It turns out that these theta series are weighted symmetric polynomials of two fixed families of polynomials of E 4 (z) and ∆ 24 (z).
Introduction
Denote by Z the ring of integers. A unimodular (linear) lattice is a finite-rank free abelian group with a symmetric integer-valued Z-bilinear form whose associated symmetric matrix is of determinant ±1. Unimodular lattices are important objects in geometry of numbers.
In sphere packings, many packings provided by unimodular lattices are of higher covering density (cf. [CS3] ). The second cohomology group of a 4-manifold over Z modulo the torsion subgroup forms a unimodular lattice with respect to its intersection matrix (cf. [F] ). The vertex operator superalgebra associated with a positive definite unimodular lattice enjoys the property of having a unique locally-finite irreducible module, that is, itself. The well-known example of Leech lattice is directly related to important simple finite groups, the Conway groups (cf. [C] ). The moonshine representation of the Monster group was constructed by orbifold construction through the vertex operator algebra associated with the Leech lattice and some of their twisted modules (cf. [B2] , [FLM] ).
Classification of positive definite unimodular lattices has been done up to rank twenty-six (cf. [B1] , [CS2] ). In [X1] (also cf. [X2] , [X3] ), the author gave some explicit constructions of infinite families of positive definite unimodular lattices.
The arithmatic content of a positive definite unimodular lattice is given by its theta series, the generating function of the numbers of lattice points on spheres of integral square radius. A classical Hecke's theorem says that the theta series of a positive definite even unimodular lattice is a polynomial of the well-known Essenstein series E 4 (z) and Ramanujan series ∆ 24 (z) (cf. [H] ). However, there is still a little known on how to write the theta series of a positive definite even unimodular lattice as the polynomials of E 4 (z) and ∆ 24 (z). In particular, there are no results on the theta series of infinite families of positive definite unimodular lattices. A natural question is what kind polynomials of E 4 (z) and ∆ 24 (z) could be the theta series of positive definite even unimodular lattices.
In this paper, we find two combinatorial identities on the theta series of the root lattices of the finite-dimensional simple Lie algebras of type D 4n and the cosets in their integral duals, in terms of the Essenstein series E 4 (z) and Ramanujan series ∆ 24 (z). Using these two identities, we determine the theta series of certain infinite families of postive definite even unimodular lattices with a sublattice of the same rank that is isomorphic to the direct sum of finite copies of the root lattices of the finite-dimensional simple Lie algebras of type D 2n . It turns out that these theta series are weighted symmetric polynomials in ∆ 24 (z) and two fixed families of polynomials of E 4 (z) and ∆ 24 (z). Below, we shall give a more detailed technical introduction.
The fundamental arithematic functions used in counting lattice points are the following theta functions: The Essenstein E 4 (z) series is defined by
and the Ramanujan series is defined by
As q-powers,
whose coefficients τ (m) are called Ramanujan numbers. We refer to Table 4.9 in [CS3] for the first one hundred of coefficients of the q-powers in E 4 (z) and the reference [L] for first three hundred of the Ramanujan numbers.
Denote by R the field of real numbers. For a positive integer n, we denote by R n the n-dimensional Eucleadean space with the inner product
by a basis of R n such that
The lattice L is called even if 10) and is unimodular if and only if
(1.12)
Hecke [H] proved that Θ L (z) is a polynomial of E 4 (z) and ∆ 24 (z) for any positive definite even unimodular lattice L. Thus a fundamental question in positive definite even unimodular lattices is to determine the coefficients of the theta series of the lattices as polynomials of E 4 (z) and ∆ 24 (z). One may ask the question in another way that what kind polynomials of E 4 (z) and ∆ 24 (z) could be the theta series of positive definite even unimodular lattices. To this author's best knowledge, only a few of theta series of positive definite even unimodular lattices are known.
For a nonnegative integer n, we let
(1.14)
By (1.3), the coefficients of the q-powers in ρ n (z) are positive integers. Denote by Z + the set of positive integers and by N the set of nonnegative integers. In this paper, we shall prove that for any n ∈ Z + , the following combinatorial identities hold:
The above two identities can be viewed as higher-order analogues of the identity (1.3).
For a postive intger n, the type-D root lattice R Dn is defined by
with the symmetric form (1.8). We define weights by wt ∆ 24 (z) = 3, wt h n (z) = wt ρ n (z) = n for n ∈ Z + .
(1.18)
In this paper, we shall determine the theta series of certain infinite families of even unimodular lattices that have a sublattice of the same rank and isomorphic to the direct sum of finite copies of the lattices R Dn with various n. They are the following functions 20) for ℓ ∈ Z + and m 1 , ..., m 2ℓ ∈ N;
for m 1 , m 2 , m 3 , m 4 ∈ N and ǫ = 0, 1. Here we have treated ρ −1 (z) = 0 in (1.20), and (1.21), and "sym{·}" means the symmetric polynomial with respect to the integrable variables m i and the expression in the braces is a representative term. For instance,
These theta series are weighted symmetric polynomials of the series {∆ 24 (z), h n (z), ρ n (z) | n ∈ Z + }. Thus we essentially determine the theta series of these lattices as polynomials of the well-known Essenstein series E 4 (z) and Ramanujan series ∆ 24 (z). We speculate that the theta series of the other infinite families of positive definite even unimodular lattices may relate to the invariants of the other finite groups.
The results in this paper could be useful in study of modular forms and partition functions of the conformal field theories related to positive definite even unimodular lattices.
The covering densities of the sphere packings of these lattices can be calculated by our formulae.
In Section 2, we shall prove (1.15) and (1.16). In Section 3, the theta series of our concerned lattice will be determined.
Proofs of the Combinatorial Identities
In this section, we shall present the proofs of the combinatorial identities (1.15) and (1.16).
By (1.3), we have
Moreover, (1.13) and (1.14) become
We allow n = 0 in the above equations.
For convenience, we let
Note that
Moreover,
Hence,
Lemma 2.1. For 3 ≤ n ∈ Z, we have:
Proof. Note that
Hence, we obtain
Thus we have
which is equivalent to (2.9). 2 By Lemma 2.1, we calculate
14)
15)
16)
In fact, we had directly calculated (2.14)-(2.17), and then observed (2.9) from them.
Analyzing the coefficients in (2.14)-(2.17), we speculated the following theorem.
Theorem 2.2. For n ∈ Z + , we have
which is equivalent to (1.15) by (2.4) and (2.5).
Proof. We shall prove (2.18) by (2.9) and induction on n.
When n = 1, (2.18) holds by (2.6). Let m ∈ Z + . Suppose that (2.18) holds for n ≤ m.
By (2.9),
Case 2. m = 3l + 1 with l ∈ N.
Case 3. m = 3l + 2 with l ∈ N.
Thus (2.18) holds for n = m + 1. Therefore, (2.18) holds for any n ∈ Z + by induction on n. 2
Next we consider ρ n (cf. (2.3)). Note that
24)
25)
by (2.4) and (2.7).
Lemma 2.3. For 3 ≤ n ∈ Z, we have:
by (2.11). Thus we have 30) which is equivalent to (2.27). 2
By Lemma 2.3, we calculate
31)
32)
33)
Analyzing the coefficients in (2.31)-(2.34), we speculated the following theorem.
Theorem 2.4. For n ∈ Z + , we have 35) which is equivalent to (1.16) by (2.4) and (2.5).
Proof. We shall prove (2.35) by (2.27) and induction on n. First for m, k ∈ Z + such that k ≤ m − 1, we have 
(2.38) Case 2. m = 3l + 1 with l ∈ N.
(2.39) Case 3. m = 3l + 2 with l ∈ N.
Thus (2.35) holds for n = m + 1. Therefore, (2.34) holds for any n ∈ Z + by induction on n. 2
Theta Series and Weighted Symmetric Polynomials
In this section, we shall determine the theta series of certain infinite families of positive definite even unimodular lattices containing a sublattice of the same rank and isomorphic to the direct sum of finite copies of the lattices R D 2n with various n. The theta series of these lattices are weighted symmetric polynomials of the functions of {∆ 24 (z), h n (z), ρ n (z) | n ∈ Z + }. By (1.15) and (1.16), we essentially determine the theta series of these lattices as polynomials of the well-known Essenstein series E 4 (z) and
Ramanujan series ∆ 24 (z).
Let k be a positive integer. Suppose that {n 1 , ..., n k } ⊂ Z + is a subset. Set
Recall the Euclidean space R n with inner product (1.8). All the lattices in this section have the symmetric bilinear form inherited from this inner product. Set
Then Q is a lattice that isomorphic to R Dn 1 ⊕ · · · ⊕ R Dn k . For j ∈ N, we denote when n 1 is even. In fact, we have
Theorem 3.1. If k = 2ℓ + 1 is an odd positive integer and n i = 8m i with ℓ ∈ N and m i ∈ Z + , then L is a positive definite even unimodular lattice with the theta series
If k = 2ℓ is an even positive integer and n i = 8m i + 4 with ℓ ∈ Z + and m i ∈ N, then L is a positive definite even unimodular lattice with the theta series
Proof. First we consider the case that k = 2ℓ + 1 is an odd positive number and n i = 8m i with ℓ ∈ N and m i ∈ Z + . The lattice L is unimodular by (1.11) and (3.7)-(3.9).
Before we prove (3.11), we need some combinatorial facts as follows. For j ∈ Z + , we have
which implies
In particular,
The following countings are also needed. For ℓ > j ∈ Z + , we have the number of minomials in the expression
the number of minomials in the expression
Moreover, the number of minomials in the expression
Furthermore,
By (1.12), (3.5)-(3.7), (3.13)-(3.23) and calculating the theta series of the following cosets of Q: (3.24) and
2ℓ + 1 2j
Next we consider the case that k = 2ℓ is an even positive number and n i = 8m i + 4. L is unimodular again by (1.11) and (3.7)-(3.9). We need the combinatorial facts as follows.
First,
Moreover, by (3.14). Furthermore,
The following countings are also needed. Note the number of minomials in the expression 1≤j 1 ≤j 2 ;j 1 +j 2 ≤ℓ−1 
sym{h m 1 +···+m 2j 1 +j 1 (z)h m 2j 1 +1 +···+m 2(j 1 +j 2 ) +j 2 (z) ×h m 2(j 1 +j 2 )+1 +···+m 2ℓ +ℓ−j 1 −j 2 (z)} − 2 8 ∆ 24 (z) 1≤j 1 ,j 2 ;j 1 +j 2 ≤ℓ−2 sym{ρ m 1 +···+m 2j 1 +1 +j 1 −1 (z) ×ρ m 2j 1 +2 +···+m 2(j 1 +j 2 +1) +j 2 −1 (z)h m 2(j 1 +j 2 )+3 +···+m 2ℓ +ℓ−j 1 −j 2 −1 (z)} by (3.36). We refer to [N] for the Niemeier lattices.
Remark 3.2. In the case k = 2ℓ and n 1 = n 2 = · · · = n 2ℓ = 4, the lattice L in 
